This paper considers the problems of robust stability and stabilization for a class of fractional-order linear time-invariant systems with convex polytopic uncertainties. The stability condition of the fractional-order linear time-invariant systems without uncertainties is extended by introducing a new matrix variable. The new extended stability condition is linear with respect to the new matrix variable and exhibits a kind of decoupling between the positive definite matrix and the system matrix. Based on the new extended stability condition, sufficient conditions for the above robust stability and stabilization problems are established in terms of linear matrix inequalities by using parameter-dependent positive definite matrices. Finally, numerical examples are provided to illustrate the proposed results.
Introduction
Recently, fractional-order control systems have attracted increasing interest [6] , [10] , [12] , [13] , [14] , [18] , [19] , [22] , [33] . This is mainly due to the fact that many real-world physical systems are better characterized by fractionalorder state equations [22] , i.e., equations involving the so-called fractional derivatives and integrals. On the other hand, with the success in the synthesis of real noninteger differentiator and the emergence of new electrical circuit element called "fractance" [17] , [31] , fractional-order controllers [20] , [23] , [25] , [32] have been designed and applied to control a variety of dynamical processes, including integer-order and fractional-order systems, so as to enhance the robustness and performance of the control systems.
Stability is fundamental to all control systems, certainly including fractional order control systems [1] , [2] , [3] , [5] , [7] , [8] , [9] , [15] , [16] , [26] , [27] , [29] , [30] . There have been some stability results about the fractional-order systems with interval uncertainties [1] , [2] , [5] , [29] . For example, for FO-LTI interval systems described in the transfer function form, the stability issue was discussed in [29] . Note that, in [29] , the results were only for single-input single-output FO-LTI systems. For FO-LTI interval systems described in the state-space form, the robust stability problem was firstly solved in [5] , where the matrix perturbation theory was used to find the ranges of the corresponding interval eigenvalues. As commented in [2] and [5] , the result is rather conservative. To reduce the conservatism, in [2] , a new robust stability checking method was proposed for FO-LTI interval uncertain systems, where Lyapunov inequality is utilized for finding the maximum eigenvalue of a Hermitian matrix. However the results presented in [2] and [5] only provide sufficient conditions. Recently, in [1] , the necessary and sufficient stability condition of fractional-order interval linear systems with fractional orders α, 1 ≤ α < 2, has been derived.
Note that it is well known that polytopic uncertainties exist in many real systems, and most uncertain control systems can be approximated by systems with polytopic uncertainties [11] , [21] , [24] , [34] . To the best of our knowledge, there are few results concerning stability and stabilization of fractional-order linear systems with convex polytopic uncertainties.
With the above motivation, we study the robust stability and stabilization problems of fractional-order linear systems with convex polytopic uncertainties in all matrices of the system equations. It is shown how to expand the stability condition of the fractional-order linear time-invariant systems without uncertainties for stability analysis by introducing a new matrix variable. The new extended stability condition is linear with respect to the new matrix variable, in fact an LMI and does not involve any product of the positive definite matrix and the system dynamic matrix. This enables us to derive a sufficient condition described by LMIs for the robust stability by using parameter-dependent positive definite matrices. Due to the above decoupling between the positive definite matrix and the system matrix, this new extended stability condition may be of use in the solution of many difficult control synthesis problems of fractional-order systems. This fact is illustrated by the simple state feedback robust stabilization control problem.
Notations: Sym {X} denotes the expression X T + X. I n denotes the n × n identity matrix. In symmetric block matrices, "•" is used as an ellipsis for terms induced by symmetry. diag(a 1 , a 2 , · · · , a n ) denotes the block-diagonal matrix. Matrices, if not explicitly stated, are assumed to have appropriate dimensions. ⊗ is the Kronecker product of two matrices and (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD).
Main results
Consider the following fractional-order uncertain system:
where α is the fractional order, x(t) ∈ R n is the state, the system matrix A(β) ∈ R n×n belongs to a convex polytopic set defined as
where A i , i = 1, 2, . . . , N, are constant matrices with appropriate dimensions and β i , i = 1, 2, . . . , N, are time-invariant uncertainties. In this paper, the following Caputo definition is adopted for fractional derivatives of order α of function f (t), because the Laplace transform of the Caputo derivative allows utilization of initial values of classical integer-order derivatives with clear physical interpretations [22] :
where m is an integer satisfying m − 1 < α ≤ m. This paper focuses on the case of 0 < α < 2.
To proceed, we need the following lemmas.
Lemma 2.1. ( [28] ) Given matrices U ∈C n×m , V ∈C k×n and Φ = Φ * ∈ C n×n , the following statements are equivalent: 
. From Lemma 2.3 and the inequality (2.4), one can conclude that |arg(spec(A))| > α π 2 . Then, from Lemma 2.2, one can conclude that 
Note that the matrix inequality that looks like (2.5) of Lemma 2.5 is well known and has often been used in the literature for integer systems.
To the best of our knowledge, there is no general and systematic way to determine P (β), a function of the uncertain parameter β, such that the inequality (2.5) holds. Such a matrix P (β) is called a parameter-dependent positive definite matrix. A simple and effective way of dealing with such a problem is to find a single positive matrix P (β) = P which solves the inequality (2.5). Unfortunately, this approach generally provides quite conservative results given as follows:
.6. The fractional-order system (2.1) with the convex polytopic uncertainty (2.2) is robustly asymptotically stable if there exists a matrix
To obtain the less conservative results, we first state the following equivalence. (ii) There exists X such that
(iii) There exist Y > 0 and W such that
The equivalence between (i) and (ii) is obvious.
(ii)⇐⇒(iii): It follows from (2.7) that −X < 0, and
(2.10) (2.10) can be rewritten as 11) which is equivalent to
Note that the above condition (2.12) can be further rewritten as (2.13) and N u = I 2n I 2n is in fact a left orthogonal complement of 15) and N T v = 0 I 2n is in fact a left orthogonal complement of 
As N u and N v satisfy (2.14) and (2.16), then it becomes obvious that the application of Lemma 2.1 allows us easily to state that (2.13) and (2.15) are equivalent to
which is (2.8) and this ends the proof of the case (ii)⇐⇒(iii). 
, a Schur complement operation with respect to the term V T (I 2 ⊗ X −1 )V leads to (2.9). This ends the proof. 2
Remark 2.1. By introducing a new additional matrix V, the stability condition (2.4) in Lemma 2.4 can be extended to the inequality (2.9) in the term (iv) of Lemma 2.7. Such idea exists in the literature [11] , [21] , [24] . The new extended matrix inequality (2.9) is linear with respect to the new matrix variable V and exhibits a kind of decoupling between the positive definite X and the system matrices A. This feature enables one to write a new robust stability condition which, although sufficient, is assumed not too conservative due to the presence of the extra degree of freedom provided by the introduction of matrix V . Note that this extra matrix is not even constrained to be symmetric. This will also offer new potentials both for analysis and synthesis of fractional-order linear systems with convex polytopic uncertainties.
Using the above Lemma 2.5 and Lemma 2.7, we can obtain the following Theorem 2.1 which provides the robust stability condition of (2.1). .2). The determination of feasible matrices X i , i = 1, 2, . . . , N, and V can be easily done using standard LMI solvers such as the Matlab LMI toolbox. Now, we are in a position to deal with the synthesis problem for the fractional-order linear system with convex polytopic uncertainty. Perhaps the most interesting aspect of Lemma 2.7 is that it can be easily used to cope with the stabilization problem in the following way. Let us consider the following fractional-order controlled system with convex polytopic uncertainty:
Theorem 2.1. The fractional-order system (2.1) with convex polytopic uncertainty (2.2) is robustly asymptotically stable if there exist a matrix V and symmetric matrices
where A(β) belongs to Ω A as defined in (2.2) and B(γ) is in the convex polytope defined by
where B i , i = 1, 2, . . . , M, are constant matrices with appropriate dimensions and γ i , i = 1, 2, . . . , M, are time-invariant uncertainties. We look for a single state feedback gain K such that
is asymptotically stable for every A(β) ∈ Ω A and B(γ) ∈ Ω B . Similar to [21] , a new sufficient stabilization condition is stated in the following theorem.
Theorem 2.2. The fractional-order uncertain system (2.21) with the uncertainty domains (2.2) and (2.22) is robustly asymptotically stabilizable by a state feedback controller u(t) = Kx(t) if there exist matrices G and L, and symmetric matrices
X ij > 0, i = 1, 2, . . . , N, j = 1, 2, . . . , M, such that for θ = min π − α π 2 , π 2 , and all i = 1, 2, . . . , N, j = 1, 2, . . . , M, ⎡ ⎣ −Sym{I 2 ⊗ G} • • (Θ ⊗ (A i G + B j L) + I 2 ⊗ X ij −I 2 ⊗ X ij • I 2 ⊗ G 0 −I 2 ⊗ X ij ⎤ ⎦ < 0. (2.23)
If (2.23) is feasible, then a robust state feedback controller is given by
P r o o f. Notice that the invertibility (nonsingularity) of G is implied by the diagonal blocks of (2.23) since G T + G > 0. Since inequality (2.23) is linear on X ij , A i , and B j , if (2.23) holds, then
(2.25) It easily follows from (2.25) and Lemma 2.7 that (2.21) , using the LMI solvers such as the Matlab LMI toolbox one can calculate a feasible solution set X ij , L, and G of (2.23). Consequently, the asymptotically stabilizing state-feedback matrix K can be obtained directly by K = LG −1 . It is interesting to note that the determination of the control K = LG −1 does not directly depend on the matrices X ij and but on the extra degree of freedom due to the matrix G, which is not even constrained to be symmetric, is fully incorporated in the control gain variable transformation.
Numerical Examples
Example 3.1. The problem to be solved is to find the maximum value of the positive scalar ε ∈ R such that the fractional-order system (2.1) with the parameters: α = 1.5,
is robustly asymptotically stable. The stability bounds ε obtained by Lemma 2.6 and Theorem 2.1 are 4.548 and 7.274, respectively. Obviously, in this example, Theorem 2.1 is less conservative than Lemma 2.6. To verify our theoretical results, we have performed random tests and numerical simulations. Fig. 3.1 and Fig. 3.2 show all the eigenvalues and Min |arg (spec(A) )| of all the tested plants, respectively, which are randomly selected in the convex polytopic set of Example 3.1 with ε = 7.274. Fig. 3.1 and Fig. 3.2 show that all eigenvalues are indeed within the stable area and some approach the stability boundary very closely, which indicates that Theorem 2.1 is less conservative. 
is shown in Fig. 3 .3, which shows that all its states converge to zero. Obviously, when u(t) = 0, this considered system is unstable because the eigenvalues of A 1 are {0.4, −2.1 + 1.3528i, −2.1 − 1.3528i}, which are outside the stable area. The time response of the fractional-order system (2.21) with A = A 1 ∈ Ω A is shown in Fig. 3.4 , which shows that all its states are not convergent. is shown in Fig. 3 .5, which shows that all its states converge to zero. 
Conclusions
This paper has solved the robust stability and stabilization problem of uncertain fractional-order linear systems with convex polytopic uncertainties. The stability condition of fractional-order linear time-invariant systems without uncertainties has been extended by introducing a new matrix variable. Then, based on the new extended stability condition that exhibits a kind of decoupling between the positive definite and the system matrices, sufficient conditions for the robust stability and stabilization of uncertain fractional-order linear systems with convex polytopic uncertainties have been established by using parameter-dependent positive definite matrices. All these results are expressed in the terms of LMIs and convenient to be used.
